This paper provides two gap theorems in Yang-Mills theory for complete four-dimensional manifolds with a weighted Poincaré inequality. The results show that given a Yang-Mills connection on a vector bundle over the manifold if the positive part of the curvature satisfies a certain upper bound then it is identically zero. The theorems can be applied to many examples of manifolds including the model spaces of constant sectional curvature and constant holomorphic sectional curvature.
Introduction
Recall that a connection A on a vector bundle over a four-dimensional manifold is an instanton if the curvature F A satisfies F [16] ) but there are crucial examples of Yang-Mills connections which are not instantons (see [6] , [31] , [33] , [34] , [36] ). Thus it is interesting to study sufficient conditions for a Yang-Mills connection to be an instanton. Many authors proved that under certain circumstances the L 2 or L ∞ norm of the positive part of the curvature of a Yang-Mills connection satisfies a certain gap. More precisely given a Yang-Mills connection A on a vector bundle over a certain fourdimensional manifold if the L 2 or L ∞ norm of F + A is small enough then F + A = 0. Bourguignon-Lawson-Simons ( [7] , [8] ) proved an L ∞ gap for F + A for compact anti-self-dual manifolds with positive scalar curvature (see also [35] ). MinOo [27] and Parker [30] proved an L 2 gap for F + A for compact manifolds with positive curvature operator (see also [15] ). Recently Gursky-Kelleher-Streets [21] proved an L 2 gap for F + A for compact manifolds with positive Yamabe invariant. Some authors also proved an L n 2 or L ∞ gap for F A for certain n-dimensional manifolds (see [20] , [32] , [39] ). Notice that for n = 4 gap theorems for F + A and F − A are more important because they imply gap theorems for F A and can be applied to non-flat bundles. Recently Feehan ([17] , [18] ) proved an L 2 gap for F A for arbitrary compact four-dimensional manifolds based on results of FreedUhlenbeck [19] (see also [22] ). The corresponding non-flat result for F
+
A is an open problem. This paper proves an L ∞ type gap for F + A for complete four-dimensional manifolds with a weighted Poincaré inequality. The author is not aware of previous gap theorems in Yang-Mills theory using these inequalities.
Li-Wang [26] introduced weighted Poincaré inequalities and proved interesting structure theorems for complete manifolds. Recall that a complete manifold satisfies a weighted Poincaré inequality with weight function q if
for all smooth functions φ on the manifold with compact support. Here stands for integration over the entire manifold with respect to the Riemannian measure and the weight function q is assumed to be continuous almost everywhere. Weighted Poincaré inequalities are also known as Hardy type inequalities (see [14] ). For some examples with applications to Yang-Mills theory see Section 4.
For further examples with applications to Riemannian geometry and hypersurface theory see [11] , [24] , [26] , [37] .
In this paper structure groups of vector bundles are assumed to be compact and embedded in some orthogonal group. Given a compact Lie group G embedded in O (n) consider the constant a G given by
Here the inner product of so (n) is defined by M, N = α a,b M ab N ab where α > 0. The constant α is helpful because there is no standard convention for the inner product of so (n).
In what follows ρ (x) = dist (x, x 0 ) and B (r) = {ρ ≤ r}. Roughly speaking the main result is the following. Consider a complete four-dimensional manifold with a weighted Poincaré inequality. Given a YangMills connection A on a G-bundle over the manifold if the positive part of the curvature F A satisfies a certain upper bound (depending on the constant a G , the weight function q, the scalar curvature R, and the largest eigenvalue λ max (W + ) of the positive part of the Weyl tensor) then it is identically zero.
The first main theorem considers the case when the weight function has quadratic growth rate and the positive part of the curvature of the Yang-Mills connection lies in a certain Lebesgue space. 
with the inequality above strict at some point, then F + A is identically zero.
The second main theorem considers the case when the volume of the ball has growth rate O r k and the positive part of the curvature of the Yang-Mills connection has growth rate O ρ 2−k . Notice that there are no assumptions of the integral of the positive part of the curvature.
Theorem 2. Consider a complete four-dimensional manifold satisfying a weighted Poincaré inequality with weight function q and assume vol (B (r)) = O r k as r → ∞ where k > 0. Given a Yang-Mills connection A on a G-bundle over the manifold if
with the inequality above strict at some point, then F + A is identically zero. Section 4 applies the main theorems to many examples of manifolds including the sphere S 4 , the complex projective space CP 2 , the cylinder S 3 × R, the Euclidean space R 4 , the hyperbolic space H 4 , and the complex hyperbolic space CH 2 . Notice that this list contains the model spaces of constant sectional curvature, and constant holomorphic sectional curvature.
More generally Section 4 applies the main theorems to anti-self-dual manifolds with positive scalar curvature, anti-self-dual manifolds with nonpositive sectional curvature (without assumptions of the integral of the positive part of the curvature of the Yang-Mills connection), and anti-self-dual manifolds with sectional curvature bounded above by a negative constant.
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Preliminaries
For a quick introduction to Yang-Mills theory see [8] , [30] , [38] . This paper uses the standard inner product for differential forms and vector valued differential forms. For example given normal coordinates x i on a Riemannian manifold the two-form dx i ∧ dx j with i = j satisfies
and given a connection A on a vector bundle over the manifold the curvature F A satisfies (in normal coordinates)
Since the structure group G of the vector bundle is assumed to be compact and embedded in some orthogonal group O (n) it follows that each F ij can be seen as a matrix in so (n). Then F ij , F ij can be calculated using the inner product of so (n) which is defined by
It is helpful consider an arbitrary α > 0 because the constant a G depends on α. Some typical choices for the inner product of so (n) are the following: the Frobenius inner product (α = 1), the inner product such that the standard basis of so (n) is orthonormal (α =   1 2 ), and the inner product induced by the Killing form of so (n) (α = n − 2).
Some authors use the tensor inner product for differential forms and vector valued differential forms (for example dx i ∧ dx j 2 = 2 for i = j and
for n = 3 and
for n ≥ 4. The proofs of the main results are based on a differential inequality for the positive part of the curvature of a Yang-Mills connection. 
where p > 0.
Proof. By assumption the structure group G is compact and embedded in some orthogonal group O (n). Consider a Hodge harmonic two-form ω on the manifold with values in so (n). By a result of Bourguignon-Lawson (Theorem 3.10 in [8] ) the rough Laplacian of ω satisfies (in normal coordinates)
Since for four-dimensional manifolds the Riemann curvature tensor satisfies
it follows that
Taking the inner product with ω gives
From now on consider the Weyl tensor as a self-adjoint operator on
Since A is a Yang-Mills connection the curvature F satisfies d *
In other words F + is a Hodge harmonic two-form on the manifold with values in so (n). Clearly F + is self-dual. Then
By a result of Gursky-Kelleher-Streets (Proposition 2.8 in [21] ),
The next inequality could be adapted from [21] . This lemma gives an alternative proof. By the Cauchy-Schwarz inequality,
By Lemma 2.30 and Note 2.31 in [8] ,
, where
and the inner product of so (n) is defined by M,
Write the sum on the right hand side as following
Rearranging indices gives
i,j,k
By the inequality of arithmetic and geometric means,
where in the first equality above it was used again the fact that F + is self-dual. Putting it all together gives
By a simple calculation,
Proof of the main theorems
In what follows ρ (x) = dist (x, x 0 ), B (r) = {ρ ≤ r}, and stands for integration over the entire manifold with respect to the Riemannian measure. Proof of Theorem 1.
Proof. By Lemma 3, F + satisfies
Consider the cutoff function
Multiplying the inequality by φ 2 and integrating by parts gives
Consider a small ǫ > 0. By the inequality 2xy ≤ δx
Putting |F + | p φ into the weighted Poincaré inequality gives
Since p > 
Putting it all together yields
Note that
Since q ≤ Cρ 2 for ρ large enough (say ρ ≥ r 0 ),
By the assumption of the upper bound of F + the term inside the parentheses on the left hand side is nonnegative. By the monotone convergence theorem and the fact that F + lies in L 2p sending r → ∞ gives
Sending ǫ → 0 gives
By assumption the term inside the parentheses is positive at some point so it must be positive in an open set. This implies that F + vanishes in an open set. By the unique continuation property F + is identically zero.
Proof of Theorem 2.
Proof. By Lemma 3 with
Consider the logarithmic cutoff function
Putting |F + | 1 2 φ into the weighted Poincaré inequality gives
and |F + | ≤ C 1 ρ 2−k for ρ large enough it follows that
Since vol (B (r)) ≤ C 2 r k for r large enough,
By the assumption of the upper bound of F + the term inside the parentheses on the left hand side is nonnegative. By the monotone convergence theorem sending r → ∞ gives
For completeness this section includes a theorem which may be useful when the weight function does not have quadratic growth rate. However the result is not sharp because the constant b is strictly smaller than and satisfies
By the assumption of the upper bound of F + ,
.
there exists a small ǫ > 0 such that 2
By the monotone convergence theorem and the fact that F + lies in L 2p sending r → ∞ yields
Then |F + | = c for some constant c. Claim: c = 0. Assume c > 0. Since F + lies in L 2p the manifold has finite volume. Putting |F + | into the second inequality of this proof shows that that q is nonnegative and then putting φ into the weighted Poincaré inequality gives
which implies that q is identically zero. This contradicts the assumption that the manifold has infinite volume or the weight function is not identically zero.
Applications
In what follows ρ (x) = dist (x, x 0 ) and B (r) = {ρ ≤ r}. The first application is an L ∞ type gap for F + A for anti-self-dual manifolds with positive scalar curvature. and G ⊂ SO (n) (n ≥ 4) (resp. G = SO (3)) the upper bound increases by a factor √ 2 (resp. 2). For more details about instantons on bundles over CP 2 see [9] . The theorem above also implies a new L ∞ gap for F + A for the cylinder S 3 × R without assumptions of the integral of F + A . Corollary 7. Consider a Yang-Mills connection A on a G-bundle over one of the following manifolds: the sphere S 4 , the complex projective space CP 2 or the cylinder S 3 × R. Then: 
then either A is flat or it is the one-instanton (that is via each stereographic projection of S 4 \ {p} the corresponding instanton over R 4 is the BPST/ADHM SU (2)-instanton with charge 1, center 0 and scale 1).
Proof. Without loss of generality assume α = 
Then A is an SU (2)-instanton over S 4 with charge k = 1. Now A can be seen an SU (2)-instanton over R 4 with charge k = 1 via the stereographic projection of S 4 \ {p}. Since the norm of F with respect to S 4 satisfies |F | S 4 = √ 3 it follows that the norm of F with respect to R 4 satisfies
On the other hand the general SU (2)-instanton over R 4 with charge k = 1 is given by a 5-parameter family of solutions A y,λ depending on the center y = (y 1 , . . . , y 4 ) and the scale λ. Moreover the curvature F A y,λ satisfies
For further details see [21] (the paper [21] uses the tensor inner product for differential forms so the factor √ 48 becomes √ 96). For more details about moduli spaces of instantons see [3] and Chapter 3 in [16] . Then y = 0 and λ = 1. In other words A is the BPST/ADHM SU (2)-instanton ( [2] , [4] ) with charge 1, center 0 and scale 1. 
Proof. By a result of Berchio-Ganguly-Grillo (Theorem 2.5 in [5] ) given a complete four-dimensional manifold with nonpositive curvature if there exists a convex increasing function ψ (ρ) defined for ρ ≥ 0 such that ψ (0) = 0, ψ ′ (0) = 1 and ψ ′′ (0) = 0, and if the (radial) sectional curvature satisfies K ≤ − ψ ′′ ψ , then the manifold satisfies a weighted Poincaré inequality with weight function
Consider the function ψ (ρ) = To prove an L ∞ type gap for F − A for the complex hyperbolic space CH 2 it is necessary to find a weighted Poincaré inequality that improves the bottom of the spectrum of the Laplacian (see [25] , [28] ). It is natural to ask whether the inequality is sharp in the sense of [5] .
Lemma 13. The complex hyperbolic space CH m satisfies
for all smooth functions φ on CH m with compact support. Moreover
Here
Proof. By a result of Akutagawa-Kumura (Theorem 1.1 in [1] ) a complete noncompact manifold with a pole x 0 satisfies a weighted Poincaré inequality with weight function The sum of the last three terms on the right hand side is positive.
The fourth application is a new L ∞ type gap for F − A for the complex hyperbolic space CH 2 . The author is not aware of previous gap theorems for CH 2 . Notice that that the lemma above is important because the bottom of the spectrum of the Laplacian of CH 2 is not enough to prove a gap theorem. There may be more applications of weighted Poincaré inequalities (Hardy type inequalities) to gauge theory. These inequalities have been used to study Witten spinors on nonspin manifolds (see [13] ) and instantons on multi-Taub-NUT spaces (see [12] ). Sharp weighted Poincaré inequalities for important examples of ALE and ALF manifolds (such as the Euclidean Schwarzschild manifold [29] ) may lead to interesting results.
